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Abstract
Let K be a compact, connected, simply-connected simple Lie group.
Given two conjugacy classes O1 and O2 in K, we consider the multiplica-
tive Horn question: What conjugacy classes are contained in O1 ·O2? It is
known that answering this question remains to describe a convex polytope
PK . In 2003, Teleman-Woodward gave a complete list of inequalities for
PK . Their list contains redundant inequalities. In this paper, we describe
PK by a smaller list of inequalities.
Warning. During the redaction of this paper, Belkale-Kumar independently
obtained in [BK13] similar results. Moreover, it is proved in [BK13] that the
list of inequalities obtained in [BK13] and here is irredundant.
1 Introduction
1.1 The additive Horn problem
Let K be a compact, connected, simply-connected simple Lie group and let k
denote its Lie algebra. Let O1 and O2 be two adjoint K-orbit in k. Then the
sum O1 + O2 = {ξ1 + ξ2 : ξ1 ∈ O1 and ξ2 ∈ O2} is K-stable. The so called
Horn question is:
What adjoint K-orbits are contained in O1 +O2?
Parametrization of adjoint orbits. Let G denote the complexification of K.
Fix a maximal torus T of G such that TK := T ∩K is a maximal torus of K.
Any root α of (G, T ) induces (by derivation) a linear form (still denoted by α)
on the Lie algebra Lie(T ) of T . The Lie algebra Lie(TK) of TK identifies with
the real Lie subalgebra of ξ ∈ Lie(T ) such that α(ξ) ∈ √−1R for any root α.
Let X∗(T ) denote the group of one parameter subgroups of T . It identifies
with a sublattice of Lie(T ). Moreover, the spanned real vector space X∗(T )R :=
X∗(T )⊗ R is the real Lie subalgebra of ξ ∈ Lie(T ) such that α(ξ) ∈ R for any
root α.
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Choose a Borel subgroup B of G containing T . Let ∆ denote the associated
set of simple roots. The dominant chamber in X∗(T )R is
X∗(T )
+
R = {τ ∈ X∗(T )R : 〈τ, α〉 ≥ 0 ∀α ∈ ∆}.
Any adjoint K-orbit in Lie(K) contains a unique element of the form
√−1τ for
some τ ∈ X∗(T )+R ; we denote by Oτ the adjoint K-orbit containing
√−1τ .
The Horn cone. Answering the Horn question is equivalent of describing the
set
PLie(K) = {(τ1, τ2, τ3) ∈ X∗(T )+R )3 : Oτ1 +Oτ2 +Oτ3 ∋ 0}.
According to Kirwan’s convexity theorem [Kir84], PLie(K) is a convex polytope
of nonempty interior in X∗(T )R. Belkale-Kumar [BK06] obtained an explicit
list of inequalities that characterize PLie(K). Before stating their result, we
introduce notation on cohomology.
1.2 The Belkale-Kumar cohomology
Let W denote the Weyl group G and let sα ∈ W denote the simple reflexion
associated to α ∈ ∆. The simple reflections sα generated W and determine a
length function l.
Let P be a standard (that is containing B) parabolic subgroup of G and let
WP denote its Weyl group. The set of minimal length representative of W/WP
is denoted by WP . For any w ∈ WP , let Xw = BwP/P ⊂ G/P denote the
Schubert variety. The Poincaré dual class σw ∈ H2(dim(G/P )−l(w))(G/P,Z) of
the homology class of Xw is a Schubert class. Let σ
∨
w be the Poincaré dual class
of σw.
Recall that H∗(G/P,Z) = ⊕w∈WPZσw . We define the structure constants
c(w1, w2, w3) associated to three Schubert classes σw1 , σw2 and σw3 by the iden-
tity
σw1σw2 =
∑
c(w1, w2, w3)σ
∨
w3 ,
where the sum runs over w3 ∈ WP . The cohomology ring of G/P is graded by
deg(σw) = 2(dim(G/P )−l(w)) for any w ∈ WP . In particular, c(w1, w2, w3) 6= 0
implies that
l(w1) + l(w2) + l(w3) = 2 dim(G/P ). (1)
Let Φ+ denote the set of positive roots. Let Ru(P ) denote the unipotent radical
of P and let Φ(G/P ) denote the set of roots of Ru(P ). For w ∈W , let Φ(w) =
{α ∈ Φ+ : −wα ∈ Φ+} be the inversion set. Recall that w ∈WP if and only if
Φ(w) ⊂ Φ(G/P ). Condition (1) can be rewritten like
♯Φ(w1) + ♯Φ(w2) + ♯Φ(w3) = 2♯Φ(G/P ). (2)
Let L be the Levi subgroup of P containing T and let Z be the neutral
component of the center of L. For any character χ of Z we set
Φ(G/P, χ) = {α ∈ Φ(G/P ) : α|Z = χ}. (3)
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For w ∈ WP we also set Φ(w, χ) = Φ(w) ∩Φ(G/P, χ). Now condition (3) is
equivalent to
∑
χ∈X∗(Z)
(
♯Φ(w1, χ) + ♯Φ(w2, χ) + ♯Φ(w3, χ)
)
= 2
∑
χ∈X∗(Z)
♯Φ(G/P, χ). (4)
The main theorem of [BK06] combined with [RR11, Proposition ] allow to
obtain the following result.
Theorem 1 Let (τ1, τ2, τ3) ∈ (X∗(T )+R )3. Then (τ1, τ2, τ3) ∈ PLie(K) if and
only if
〈w1̟β, τ1〉+ 〈w2̟β, τ2〉+ 〈w3̟β , τ3〉 ≤ 0,
for any simple root β, any nonnegative integer d and any (w1, w2, w3) such that
c(w1, w2, w3) = 1, (5)
and for any χ ∈ X∗(Z)
♯Φ(w1, χ) + ♯Φ(w2, χ) + ♯Φ(w3, χ) = 2♯Φ(G/P, χ). (6)
1.3 The multiplicative Horn problem
The multiplicative Horn question. Let O1 and O2 be two conjugacy classes
in K. Then the product O1 · O2 = {k1k2 : k1 ∈ O1 and k2 ∈ O2} is stable by
conjugacy. This article is concerned by the multiplicative Horn question:
What conjugacy classes are contained in O1 · O2?
Parametrization of the conjugacy classes. Let θ be the longest root of G
relatively to T ⊂ B. The fundamental alcove in X∗(T )R is
A∗ = {τ ∈ X∗(T )R :
{ 〈τ, α〉 ≥ 0 ∀α ∈ ∆
〈τ, θ〉 ≤ 1 }.
Consider the exponential map
exp : Lie(TK) −→ TK
µ 7−→ exp(µ).
Any conjugacy class in K contains a unique element of the form exp(
√−1τ) for
some τ ∈ A∗ (see e.g. [Bou05, Chapter IX. §5]); we denote by Oτ the conjugacy
class containing τ .
The multiplicative Horn polytope. Answering the multiplicative Horn
question is equivalent of describing the set
PK = {(τ1, τ2, τ3) ∈ A3∗ : Oτ1 · Oτ2 · Oτ3 ∋ e},
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where e is the unit element of K. According to the convexity theorem proved by
Meinrenken-Woodward [MW98], ∆ is a convex polytope of nonempty interior
in A. Teleman-Woodward [TW03] obtained an explicit list of inequalities that
characterize PK . The aim of this article is to determine a smaler list of inequal-
ities that still characterize the polytope. Before stating Teleman-Woodward’s
theorem, we introduce notation on quantum cohomology.
1.4 Quantum cohomology of G/P
Let ∆P be the set of simple roots of (L, T ). The Picard group Pic(G/P ) identi-
fies with H2(G/P,Z) = ⊕α∈∆−∆PZσsα . We denote by (σ∗sβ )β∈∆−∆P the Z-basis
of Hom(H2(G/P,Z),Z) dual of the (σsβ )β∈∆−∆P .
Let γ : P1 −→ G/P be a curve. Identifying the group Pic(P1) to Z (by
mapping ample line bundles on positive integers), the pullback of line bundles
induces an element of Hom(H2(G/P,Z),Z) called the degree of γ and denoted
by d(γ). By construction d(γ) ∈∑β∈∆−∆P Z≥0σ∗sβ .
Let ρ and ρL denote the half sum of positive roots of G and L respectively.
For any β ∈ ∆−∆P , set
nβ = 〈β∨, 2(ρ− ρL)〉, (7)
where β∨ is the simple coroot. Fix d =
∑
β∈∆−∆P
dβσ
∗
sβ for some dβ ∈ Z≥0.
LetM0,3(G/P, d) be the moduli space of stable maps of degree d with 3 marked
points into G/P . It is a projective variety of dimension
dim(M0,3(G/P, d)) = dim(G/P ) +
∑
β∈∆−∆P
dβnβ .
It comes equipped with 3 evaluation maps evi : M0,3(G/P, d) −→ G/P . The
Gromov-Witten invariant associated to three Schubert classes (corresponding
to wi ∈ WP ) and a degree d is then the intersection number
GW (w1, w2, w3; d) =
∫
M0,3(G/P,d)
ev∗1(σw1 ) · ev∗2(σw2) · ev∗3(σw3).
For any α ∈ ∆−∆P , we introduce a variable qα. Consider the group
QH∗(G/P,Z) :=H∗(G/P,Z) ⊗ Z[qβ : β ∈ ∆−∆P ]
=
⊕
w∈WP Z[qβ : β ∈ ∆−∆P ]σw.
The Z[qβ : β ∈ ∆−∆P ]-linear quantum product ⋆ on QH∗(G/P,Z) is defined
by, for any w1, w2 ∈ WP ,
σw1 ⋆ σw2 =
∑
GW (w1, w2, w3; d)q
dσ∨w3 ,
where the sum runs over w3 ∈ WP and over d ∈
∑
β∈∆−∆P
Z≥0σ
∗
sβ . Here, if
d =
∑
β∈∆−∆P
dβσ
∗
sβ
then qd =
∏
β∈∆−∆P
q
dβ
β .
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1.5 Teleman-Woodward inequalities
Fix for a moment a simple root β, the corresponding maximal standard parabolic
subgroup Pβ and the fundamental weight ̟β. Let w1, w2, and w3 in W
Pβ . A
degree for curves in G/Pβ is a nonnegative integer d. Consider the following
linear inequality on points (τ1, τ2, τ3) in X∗(T )⊗ R:
Iβ(w1, w2, w3; d) 〈w1̟β , τ1〉+ 〈w2̟β , τ2〉+ 〈w3̟β, τ3〉 ≤ d.
We can now state Teleman-Woodward’s theorem (see [TW03]).
Theorem 2 (Teleman-Woodward (see [TW03])) Let (τ1, τ2, τ3) ∈ A3∗. Then
(τ1, τ2, τ3) ∈ PK if and only if inequality Iβ(w1, w2, w3; d) is fulfilled for any
simple root β, any nonnegative integer d and any (w1, w2, w3) such that
GW (w1, w2, w3; dσ
∗
sβ ) = 1 (8)
in G/Pβ.
1.6 Our main result
Our main result is a raffinement of the condition (8).
Here, P is any standard parabolic subgroup ofG. The grading onH∗(G/P,Z)
extends to the quantum setting by setting deg(qβ) = 2nβ for any β ∈ ∆−∆P .
In particular, for d =
∑
β∈∆−∆P
dβσ
∗
sβ , GW (w1, w2, w3; d) 6= 0 implies that
l(w1) + l(w2) + l(w3) +
∑
β∈∆−∆P
dβnβ = 2dim(G/P ). (9)
Condition (9) can be rewritten like
♯Φ(w1) + ♯Φ(w2) + ♯Φ(w3) +
∑
β∈∆−∆P
dβnβ = 2♯Φ(G/P ). (10)
Set h =
∑
β∈∆−∆P
dββ
∨. Since 2(ρ − ρL) =
∑
α∈Φ(G/P ) α, condition (10) can
be rewritten like
♯Φ(w1) + ♯Φ(w2) + ♯Φ(w3) +
∑
α∈Φ(G/P )
〈h, α〉 = 2♯Φ(G/P ), (11)
or like
∑
χ∈X∗(Z)
( 3∑
i=1
♯Φ(wi, χ) +
∑
α∈Φ(G/P,χ)
〈h, α〉
)
= 2
∑
χ∈X∗(Z)
♯Φ(G/P, χ). (12)
Theorem 3 Let (τ1, τ2, τ3) ∈ A3∗. Then (τ1, τ2, τ3) ∈ ∆(K) if and only if in-
equality Iβ(w1, w2, w3; d) is fulfilled for any simple root β, any nonnegative in-
teger d and any (w1, w2, w3) such that, in QH
∗(G/Pβ),
GW (w1, w2, w3; dσ
∗
sβ
) = 1, (13)
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Group MAX TW TWBK Th 3 Vertices Facets
G2 103 82 79 48 30 48
Sp(4) 43 42 41 38 13 38
Sp(6) 363 329 296 200 66 200
Sp(8) 4 679 3 604 3 130 1 204 444 1 204
Sp(10) 75 665 44 211 38 795 7 310 3 162 7 310
Sp(12) 1 422 545 556 383 500 130 43 136 20 839 43 136
Spin(7) 378 322 289 191 65 191
Spin(8) 1 434 1 347 1 164 771 137 771
Spin(9) 4 940 3 231 2 748 1 046 385 1 046
Spin(10) 35 590 27 814 23 050 6 538 1 296 6 538
Spin(11) 79 813 34 152 28 636 5 734 2 236 5 734
Spin(12) 889 751 485 229 407 856 47 141 ? ?
Spin(13) 1 499 669 356 942 300 776 30 753 12 269 30 753
Figure 1: Explicit computations
and for any χ ∈ X∗(Z)
♯Φ(w1, χ) + ♯Φ(w2, χ) + ♯Φ(w3, χ) +
∑
α∈Φ(G/P,χ)
d〈β∨, α〉 = 2♯Φ(G/P, χ). (14)
1.7 Comparaison with Teleman-Woodward theorem
We made some explicit computations using Anders Buch’s qcalc Maple package,
SageMath and Normaliz. The used programs, some files containing explicit list
of inequalities and additional computation are available on author’s webpage
(see [Res13]).
Here, we give some quantitative aspects for the group G2 and the groups
of type B, C or D up to rank 6. More precisely, in the two last column of
Table 1.7 appear the numbers of vertices and facets of the polytope PK . In
column “MAX”, all the inequalities corresponding to nonzero GW-invariants are
counted. In column “TW”, the number of inequalities given by Theorem 2 is
given. The inequalities obtained by combining Theorems 1 and 2 are counted. In
column “Th 3”, only the inequalities given by Theorem 3 are counted. All these
numbers of inequalities include the 3 ∗ (rank+1) inequalities of dominancy and
alcove. One can observe that Theorem 3 gives a list of inequalities significantly
smaller than the combination of Theorems 1 and 2.
It is worthy to observe that in any computed examples the number of facets is
equal to the number of inequalities given by our main result. One can conjecture
that the list of inequalities given by Theorem 3 is irredundant. The analogous
result for the additive Horn problem is proved in [Res10].
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2 Notation
In this section, we reintroduce more carefully and complete the notation used
in the introduction.
2.1 Notation on the group G
Let G be a simple simply connected Lie group and Z(G) its center. Set Gad =
G/Z(G) and Tad = T/Z(G). We fix a Borel subgroup B of G and a maximal
torus T contained in B. Let Φ and Φ+ denote the sets of roots and positive
roots respectively. It α belongs to Φ, α∨ denote the corresponding coroot. The
set of simple roots is denoted by ∆. For α ∈ ∆, ̟α ∈ X∗(T ) denotes the
corresponding fundamental weight and ̟α∨ ∈ X∗(Tad) denotes the associated
fundamental coweight. Let ρ be the half sum of the positive roots. Recall that
ρ =
∑
α∈∆̟α.
Note that X∗(T ) = ⊕α∈∆Z̟α. Let Q = ⊕α∈∆Zα ∈ X∗(T ) denote the
root latice. Similarly X∗(T ) = ⊕α∈∆Zα∨ and P∨ := ⊕α∈∆Z̟α∨ . Let W
be the Weyl group and w0 be its longest element. Let h ∈ X∗(T ). Write
h =
∑
α∈∆ nαα
∨. Note that 〈ρ, h〉 = ∑α∈∆ nα. The dominance order on
X∗(T ) is the partial order ≥ defined by
h ≥ h′ ⇐⇒ h− h′ ∈
∑
α∈δ
Z≥0α
∨.
Let θ denote the longest root. Set X∗(T )R = X
∗(T )⊗ R and its dual space
X∗(T )R = X∗(T )⊗R. There exists aW -invariant Euclidean scalar product ( , )
on X∗(T )R. Moreover, it is unique modulo positive scalar. We fix a choice by
assuming that (θ, θ) = 2. Using ( , ), we identify X∗(T )R with X∗(T )R. The
transition relations are, for any α ∈ ∆
α∨ = (
2
(α, α)
α,), ̟α∨ = (
2
(α, α)
̟α,).
Observe that 2(α,α) = 1, 2 or 3, depending if α is not short, short in type 6= G2
and short in type G2. In particular X
∗(T ) ⊃ Q ⊃ X∗(T ) ⊂ P∨ ⊂ X∗(T ).
A one parameter subgroup τ of T is said to be dominant if 〈τ, α〉 ≥ 0 for any
α ∈ ∆. The set of dominant one parameter subgroups is denoted by X∗(T )+.
Similarly; λ ∈ X∗(T ) is dominant, or belongs to X∗(T )+ if 〈λ, α∨〉 ≥ 0. We
extend these definitions and notations to X∗(T )R and X∗(T )R.
For τ ∈ X∗(T ), we denote by P (τ) the set g ∈ G such that τ(t)gτ(t−1) has
a limit in G when t goes to 0. It is a parabolic subgroup of G. It contains B if
and only if τ is dominant.
2.2 The affine Kac-Moody Lie algebra
Endow Lˆg = g⊗ C((z))⊕Cc⊕Cd with the usual Lie bracket (see e.g.[Kum02,
Chap XIII]). Set hˆ = Lie(T )⊕Cc⊕Cd. We identify Lie(T )∗ with the orthogonal
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of Cc⊕ Cd in hˆ. Define Λ and δ in hˆ∗ by
δ : h 7−→ 0, c 7−→ 0, d 7−→ 1;
Λ : h 7−→ 0, c 7−→ 1, d 7−→ 0.
The simple roots of Lˆg are
α0 = δ − θ, α1, . . . , αl.
For any fundamental weight ̟ of g, set ˆ̟ = ̟+̟(θ∨)Λ ∈ hˆ∗. Fix a numbering
α1, . . . , αl of the simple roots of g. Set ˆ̟ 0 = Λ. The fundamental weights of Lˆg
are ˆ̟ 0, ˆ̟ 1, . . . , ˆ̟ l. Set
hˆ∗Z = Z ˆ̟ 0 ⊕ · · · ⊕ Z ˆ̟ l ⊕ Zδ,
and
hˆ∗+Z = Z≥0̟0 ⊕ · · · ⊕ Z≥0̟l ⊕ Zδ.
Fix λˆ = λ + ˜lΛ + zδ ∈ hˆ∗Z with λ ∈ h∗, ˜l ∈ Z≥0 and z ∈ Z. If λˆ ∈ hˆ∗+Z , that is,
if 〈λ, θ∨〉 ≤ ˜l, then there exists a simple Lˆg-module H(λˆ) of highest weight λˆ.
The subspace of H(λ+ ˜lΛ) annihilated by g⊗zC[z] is isomorphic as a g-module
to V (λ).
Let s0, s1, . . . , sl be the set of simple reflections. They generate the affine
Weyl group W˜ which is isomorphic to W ⋉Q∨. Moreover, W˜ is a Coxeter group
and the length is given by
l(thw) =
∑
α ∈ Φ+
w−1α ∈ Φ+
|〈h, α〉|+
∑
α ∈ Φ+
w−1α ∈ Φ−
|〈h, α〉 − 1|.
The group W˜ acts on hˆ∗. In particular the action of Q∨ is given by
h 7−→ Th : hˆ
∗ −→ hˆ∗
χ 7−→ χ+ χ(c)(h,)− [χ(h) + 12 (h, h)χ(c)]δ.
2.3 The fusion product
If a is a Lie algebra and M is a a-module, we denote by [M ]a, the biggest
quotient of M where a acts trivially.
Let λ1, λ2, and λ3 be three dominant weights of g and ˜l ∈ Z≥0 such that
〈λi, θ∨〉 ≤ ˜l, for any i = 1, 2, 3.
Then λi+ ˜lΛ ∈ hˆ∗+Z , and we can consider the (Lˆg)3-module H(λ1+ ˜lΛ)⊗H(λ2+
˜lΛ)⊗H(λ3 + ˜lΛ).
Consider P1 with three pairwise distinct marked points p1, p2 and p3. Con-
sider the ring of regular functions O(P1 − {p1, p2, p3}) and the Lie algebra
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g⊗O(P1 − {p1, p2, p3}). For any pi, by fixing a local coordinate zi around this
point of P1, one gets a morphism O(P1−{p1, p2, p3}) −→ C((z)). In particular,
we just defined three morphisms g⊗O(P1 −{p1, p2, p3}) −→ g⊗C((z)), or one
morphism g⊗O(P1 − {p1, p2, p3}) −→ (g⊗ C((z)))3. This defines an action of
g⊗O(P1−{p1, p2, p3}) on the (Lˆg)3-moduleH(λ1+ ˜lΛ)⊗H(λ2+ ˜lΛ)⊗H(λ3+ ˜lΛ).
The Vacua space is defined by
VP1(λ1, λ2, λ3, ˜l) =
(
H(λ1 + ˜lΛ)⊗H(λ2 + ˜lΛ)⊗H(λ3 + ˜lΛ)
)
g⊗O(P1−{p1,p2,p3})
It is proved to be finite dimensional (see e.g. [Bea96]). Moreover, the fusion
product ⊛
˜l
is defined by
V (λ1)⊛˜l V (λ2) =
∑
〈λ3,θ∨〉≤˜l
dim(VP1(λ1, λ2, λ3; ˜l))V (−w0λ3).
The product ⊛
˜l
is associative and commutative (see e.g. [Bea96]).
2.4 The fusion product polytope
The fundamental alcove in X∗(T )Q is
A∗Q = {λ ∈ X∗(T )Q :
{ 〈λ, α∨〉 ≥ 0 ∀α ∈ ∆
〈λ, θ∨〉 ≤ 1 }.
For any λ ∈ A∗Q, ˜l ∈ Z>0 if ˜lλ+ ˜lΛ ∈ hˆ∗Z then it is dominant. Set
P⊛ = {(λ1, λ2, λ3) ∈ (A∗Q)3 : ∃˜l > 0 V (−˜lw0λ3) ⊂ V (˜lλ1)⊛˜l V (˜lλ2)}.
Theorem 4 Let (λ1, λ2, λ3) ∈ (A∗Q)3. Then (λ1, λ2, λ3) ∈ P⊛ if and only if
〈w1̟β∨ , λ1〉+ 〈w2̟β∨ , λ2〉+ 〈w3̟β∨ , λ3〉 ≤ 2
(β, β)
d. (15)
for any simple root β, any nonnegative integer d and any (w1, w2, w3) ∈ (WPβ )3
such that
GW (w1, w2, w3; dσ
∗
sβ ) = 1, (16)
and for any χ ∈ X∗(T )
♯Φ(w1, χ) + ♯Φ(w2, χ) + ♯Φ(w3, χ) +
∑
α∈Φ(G/P,χ)
〈h, α〉 = 2♯Φ(G/Pβ , χ). (17)
Let λ ∈ X∗(T )Q. Since θ∨ = (θ,), λ belongs to A∗Q if and only if λ ∈ A∗.
Theorems 3 and 4 are equivalent knowing the following.
Theorem 5 (see [TW03]) Let (λ1, λ2, λ3) ∈ (A∗Q)3. Then (λ1, λ2, λ3) ∈ P⊛
if and only if ((λ1,), (λ2,)), (λ3,)) ∈ PK.
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3 The affine Grassmannian
In this section we collect some results and notation on the affine Grassmannian
G of G. Set LalgG = G(C[z, z−1]) and L>0algG = G(C[z]). Consider the affine
grassmannian G = LalgG/L>0algG.
3.1 Line bundles
Let L¯algG = C
∗ ⋉ LalgG and G denote the affine Kac-Moody group associated
to G; it is a central extension of L¯algG = C
∗⋉LalgG. The maximal torus of G
containing T is denoted by Tˆ ; its Lie algebra is hˆ and its character group is hˆ∗Z.
The group G acts on G.
Let ˜l ∈ Z. There exists a unique G-linearized line bundle L(˜lΛ) on G
such that hˆ acts on the fiber over the base point of G by the weight −˜lΛ (see
e.g.[Kum02, Chap VII]). Moreover, H0(G,L(˜lΛ)) is zero if ˜l < 0 and isomorphic
to the dual of H(˜lΛ) if ˜l ≥ 0.
Recall that G is a central extension of the semidirect product C∗ ⋉ LalgG:
1 C∗ G C∗ ⋉ LalgG 1.
This exact sequence splits canonically over L>0algG. In particular, L(˜lΛ) ad-
mits a L>0algG-linearization.
3.2 The Cartan decomposition
Any one parameter subgroup h of T can be seen as an element of LalgG. Its
image in G is denoted by Lh. Then {Lh : h ∈ X∗(T )} is the set of T -fixed
points in G. The L>0algG-orbit of Lh only depends on the W -orbit of h in X∗(T );
it is denoted by Gh. It is a quasiprojective variety of finite dimension 〈ρ, h〉 (if
h ∈ X∗(T )+) and the Cartan decomposition asserts that
G =
⊔
h∈X∗(T )+
Gh.
The closure of Gh is described by the order ≤:
Gh =
⊔
h′ ∈ X∗(T )+
h′ ≤ h
Gh′ .
There exists a unique one parameter subgroup δ∨ of Tˆ such that 〈δ∨, δ〉 = 1,
〈δ∨,Λ〉 = 0, and 〈δ∨, δ〉 = 0, for any χ ∈ X∗(T ). The irreducible components
10
of Gδ∨ are the G.Lh for h ∈ X∗(T ). Moreover, G.Lh is isomorphic to G/P (h).
Then
Gh = {x ∈ G : lim
t→0
δ∨(t)x ∈ G.Lh}.
Raffinement. Consider the evaluation morphism ev0 : L
>0
algG −→ G at z = 0.
Set B = ev−10 (B). We have
G =
⊔
h∈X∗(T )
BLh.
3.3 The Birkhoff decomposition
Consider the action of the group L<0algG = G(C[z
1]) on G. Its orbits are
parametrized by X∗(T )
+ and setting Gh = L<0algGLh, we have
G =
⊔
h∈X∗(T )+
Gh.
Moreover
Gh =
⊔
h ∈ X∗(T )+
h ≤ h′
Gh′ .
For any h ∈ X∗(T )+, the orbit Gh has codimension 〈ρ, h〉. Moreover
Gh = {x ∈ G : lim
t→∞
δ∨(t)x ∈ G.Lh}.
Raffinement. Let ev∞ : LalgG −→ G denote the evaluation at z−1 = 0. Set
B− = ev−1∞ (B−). Then
G =
⊔
h∈X∗(T )
B−Lh.
For any h ∈ X∗(T )+,
Gh =
⋃
w∈W
B−Lwh. (18)
Consider ρ∨ the half sum of the positive coroots. It is a dominant and regular
one parameter subgroup of Tad. Moreover,
B−Lh = {x ∈ X | lim
t→∞
(δ∨ + ρ∨)(t).x = Lh}. (19)
3.4 The Peterson decomposition
Consider the group LalgU .
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Theorem 6 We have
LalgG =
⋃
w∈W˜
BwLalgU =
⋃
w∈W˜
B−wLalgU.
For later use, we prove the following lemma due to Peterson [Pet97]. It
implies easily Theorem 6.
Lemma 1 Let g ∈ LalgG. Assume that g ∈ B−w1zh1LalgU and g ∈ Bw2zh2LalgU
for w1, w2 in W , and h1, h2 in Q
∨.
Consider φ : P1 −→ G/B that extends C∗ −→ G/B, z 7−→ g(z)B/B.
The map φ has degree h2−h1 ∈ Hom(Pic(G/B) = X(T ),Z) = Hom(X(T ),Z).
Moreover φ(∞) ∈ B−w1B/B and φ(0) ∈ Bw2B/B.
Proof. Write g(z) = b(z)w˜2t
h2u(z) with b(z) ∈ B, w˜2 ∈ N(T ) a representant of
w2 and u(z) ∈ LalgU . Then φ(z) = b(z)w˜2th2u(z).B/B = b(z)w2.B/B. Since
b(0) ∈ B, we obtain φ(0) ∈ Bw2B/B. Similarly φ(∞) ∈ B−w1B/B.
It remains to compute the degree of φ. Fix a dominant weight λ of G. Con-
sider the irreducible G-representation V (λ) of highest weight λ and an highest
weight vector vλ. Consider the morphism G/B −→ P(V (λ)), gB/B 7−→ g[vλ]
and its composition φλ : P
1 −→ P(V (λ)) with φ. It remains to prove that
deg(φλ) = 〈λ, h1 − h2〉.
We reuse the writing g(z) = b(z)w˜2t
h2u(z):
∀z ∈ C∗ φλ(z) = [b(z)w˜2th2u(z) · vλ] = [z〈λ,h2〉b(z)w˜2 · vλ].
Since b(z) is polynomial in z, this implies that the valuation (at zero) of z〈λ,h2〉b(z)w˜2·
vλ is at least 〈λ, h2〉. Since b(z) has a limit in G at z = 0, b(z)w˜2 · vλ has a
nonzero limit in V (λ) at z = 0. Hence the valuation of z〈λ,h2〉b(z)w˜2 · vλ is
exactly 〈λ, h2〉.
A similar computation with B−w1th1LalgU shows that the degree of z 7−→
g(z)vλ is exactly 〈λ, h1〉. Finally, the degree of φλ is 〈λ, h1 − h2〉. 
For h ∈ X∗(T ), set Sh = LalgULh. Then
G =
⊔
h∈X∗(T )
Sh,
and
Sh =
⊔
h′ ∈ X∗(T )
h′ ≤ h
Sh′ . (20)
The orbit Sh has neither finite dimension nor finite codimension. The fixed
points of ρ∨ are the Lh for h ∈ X∗(T ) and
Sh = {x ∈ G : lim
t→0
ρ∨(t)x = Lh}.
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Variation. Let P ⊃ B be a parabolic subgroup and consider LalgP . There
exists a surjective group morphism
X : LalgP −→ Hom(X∗(P ),Z)
defined as follows. Let p ∈ LalgP considered as a regular map p : C∗ −→ P
and χ ∈ X∗(P ). Then χ ◦ p is a regular map from C∗ to C∗. Hence, there exist
n ∈ Z and λ ∈ C∗ such that χ(p)(z) = λzn, for any z ∈ C∗. Then X (p)(χ) is
defined to be n. The kernel of X is denoted by (LalgP )0.
Let L be the Levi subgroup of P containing T and Lss be its semisimple part.
Two orbits Sh and Sh′ are contained in the same (LalgP )0-orbit if and only if
h−h′ ∈ X∗(T ∩Lss). Since X∗(T ) = ⊕α∈∆Zα∨ and X∗(T ∩Lss) = ⊕α∈∆PZα∨,
we get
G =
⊔
h∈⊕α∈∆−∆P Zα
∨
SPh , (21)
where SPh = (LalgP )0Lh. Let τ ∈ X∗(T ) such that P = P (τ). The irreducible
components of the fixed point set Gτ are the orbit CLh := LalgLss.Lh for h ∈
⊕α∈∆−∆PZα∨. Moreover,
SPh = {x ∈ G : lim
t→0
τ(t)x ∈ CLh }. (22)
Observe that CLh = LalgL
ss.Lh is well-defined for any h ∈ X∗(T ), but
depends only on the class of h in X∗(T )/X∗(T ∩ Lss). Above, we choose
⊕α∈∆−∆PZα∨ as a complete system of representant for this quotient. The fol-
lowing result due to Peterson-Woodward gives another representative (see [Woo05,
Lemma 1]):
Lemma 2 Each class h ∈ X∗(T )/X∗(T ∩ Lss) has a unique representative
hPW ∈ X∗(T ) such that
〈hPW , α〉 = 0 or − 1, for any α ∈ Φ+ ∩ Φ(L).
It is easy to check that the standard Iwahori subgroup of LalgL
ss fixes LhPW .
4 GIT for L<0algG acting on the affine Grassman-
nian
4.1 Fusion product and L<0algG-invariant sections
We think about z−1 as a coordinate on P1 − {0}. Hence, for p ∈ P1 − {0}, we
have a morphism of evaluation evp : L
<0
algG −→ G, g(z−1) 7→ g(p).
Let X = G × (G/B)3.
Recall that we have fixed three pairwise distinct points p1, p2 and p3 in
P1 − {0}.
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Let ˜l ∈ Z≥0 and λi (for i = 1, . . . , 3) be three dominant characters of B. Let
L = L(˜lΛ)⊗ L(λ1)⊗ L(λ2)⊗ L(λ3) be the associated line bundle on X.
Lemma 3 The dual of the Vacua space VP1(λ1, λ2, λ3, ˜l) is isomorphic to the
space of L<0algG-invariant sections of L
Proof. By [Bea96, Corollary 2.5], the Vacua space is isomorphic to(
H(˜lΛ)⊗ V (λ1)⊗ V (λ2)⊗ V (λ3)
)
g⊗O(P1−{0})
.
Its dual is the set of g ⊗ O(P1 − {0})-invariant vectors in
(
H(˜lΛ) ⊗ V (λ1) ⊗
V (λ2)⊗V (λ3)
)∗
. Since V (λ1)⊗V (λ2)⊗V (λ3) is finite dimensional,
(
H(˜lΛ)⊗
V (λ1)⊗ V (λ2 ⊗ V (λ3)
)∗
= H(˜lΛ)∗ ⊗ V (λ1)∗ ⊗ V (λ2)∗ ⊗ V (λ3)∗. This space is
isomorphic to H0(X,L). The lemma follows. 
4.2 Convex numerical function
Let E be a finite dimensional real vector space and let E∗ denote its dual
space. Let µ : E∗ −→ R be a function. It is said to be positively homogeneous
if µ(tϕ) = tµ(ϕ) for any ϕ ∈ E∗ and any nonnegative real number t. The
positively homogeneous function µ is said to be convex if
∀ϕ, ψ ∈ E∗ µ(ϕ+ ψ) ≥ µ(ϕ) + µ(ψ).
Remark. Pay attention to our convention which is nonstandard in convex
analysis. Our convention is that of toric geometry.
To any positively homogeneous convex function µ is associated the compact
convex set
Cµ = {x ∈ E : ∀ϕ ∈ E∗ ϕ(x) ≥ µ(ϕ)}.
The correspondance µ 7→ Cµ is bijective since, by Hahn-Banach’s theorem
µ(ϕ) = inf
x∈Cµ
ϕ(x).
The function µ is said to be piecewise linear if there exists a fan Σ in E∗ such that
the restrictions of µ to its maximal cones are linear. Observe that µ is piecewise
linear if and only if Cµ is polyhedral. In this case, to any maximal cone σ in
Σ we associate xσ which is the unique point in Cµ such that ϕ(xσ) = µ(ϕ) for
any ϕ ∈ σ. Then, Cµ is the convex hull of the points xσ. Dually, Cµ is the set
of x ∈ E such that ϕ(x) ≥ µ(ϕ) for any ϕ on a ray of Σ.
The point 0 belongs to Cµ if and only if µ(ϕ) ≤ 0 for any ϕ ∈ E∗. Fix a
scalar product ( , ) on E and hence on E∗. We denote by ‖ ‖ the associated
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norm. Then 0 does not belong to Cµ if and only if sup‖ϕ‖=1 µ(ϕ) > 0. In this
case, this sup is reached for a unique ϕ0 ∈ E∗ such that ‖ϕ0‖ = 1. Consider the
orthogonal projection x0 ∈ Cµ of 0 on Cµ. Then ϕ0 = 1‖x0‖ (x0,) and µ(ϕ0)
is the distance from 0 to the convex Cµ. Moreover ϕ0 ∈ E∗ is characterized by
the following properties:
(i) ‖ϕ0‖ = 1;
(ii) µ(ϕ0)x0 belongs de Cµ, where x0 is given by (x0,) = ϕ.
4.3 Numerical semistability
Let x ∈ X. Observe that the closure T.x of the orbit T.x is a finite dimen-
sional projective variety. Let τ be a one parameter subgroup of T . Consider
̥ = limt→0 τ(t)x. Recall from [MFK94] that µ
L(x, τ) ∈ Z is characterized
by τ(t). ˜̥ = t−µ
L(x,τ) for any t ∈ C∗ and any ˜̥ in the fiber L̥ over ̥ in
L. The map τ 7−→ µL(x, τ) extends uniquely to a continuous, positively ho-
mogeneous map fromX∗(T )R to R. This extension, still denoted by µ, is convex.
Definition. The point x ∈ X is said to be numericaly semistable relatively to
L if for any g ∈ L<0algG and any dominant one parameter subgroup τ of T , we
have
µL(gx, τ) ≤ 0.
Let Xnss(L) denote the set of numericaly semistbale points in X. A point
that is not semistable is said to be unstable.
Consider the set Cnss(X) of (λ1, λ2, λ3, ˜l) in (X∗Q(T ))3 × Q such that there
exists k > 0 satisfying
(i) kλ1, kλ2, kλ3 are dominant integral weights and k ˜l ∈ Z>0;
(ii) λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗;
(iii) Xnss(L(k ˜lΛ)⊗ L(kλ1)⊗ L(kλ2)⊗ L(kλ3)) is not empty.
Our main statement can be formulated in terms of numerical semistability
as follows.
Theorem 7 Let (λ1, λ2, λ3) ∈ (X∗(T )+Q )3 and ˜l ∈ Z>0 such that λ1˜l ,
λ2
˜l
and
λ3
˜l
belong to the alcove A∗. Then (λ1, λ2, λ3, ˜l) ∈ Cnss(X) if and only if
〈w1̟β∨, λ1〉+ 〈w2̟β∨ , λ2〉+ 〈w3̟β∨ , λ3〉 ≤ 2
(β, β)
˜ld. (23)
for any simple root β, any nonnegative integer d and any (w1, w2, w3) ∈ (WPβ )3
such that
GW (w1, w2, w3; dσ
∗
sβ
) = 1, (24)
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and for any χ ∈ X∗(Z)
♯Φ(w1, χ) + ♯Φ(w2, χ) + ♯Φ(w3, χ) +
∑
α∈Φ(G/P,χ)
〈h, α〉 = 2♯Φ(G/Pβ , χ). (25)
4.4 Degree of numerical instability
We first compute explicitly µL(x, τ) in terms of the Peterson decomposition.
Lemma 4 Recall that x ∈ X and τ ∈ X∗(T ) is dominant. Let h ∈ X∗(T ) and
wi ∈W (for i = 1, 2, 3) such that x belongs to S−h×Uw−11 B/B×Uw−12 B/B×
Uw−13 B/B. Then
µL(x, τ) = ˜l(h, τ) +
3∑
i=1
〈wiτ, λi〉.
Proof. The group T acts on the fiber over B/B in L(λi) with weight −λi. It
follows that it acts on the fiber over w−1i B/B in L(λi) with weight −w−1i λi.
Similarly, hˆ acts on the fiber over the base point of G in L(Λ) with weight
−Λ. Then hˆ acts on the fiber over L−h in L(˜lΛ) by the weight −˜lT−h(Λ) (with
notation of Section 2.2). But −˜lT−h(Λ) = ˜lΛ− (˜lh,)− ˜l2 (h, h)δ and T acts on
the fiber over L−h in L(˜lΛ) by weight −˜l(h,). The lemma follows. 
We set
ML(x) = sup
τ ∈ X∗(T )+R nontrivial
g ∈ L<0algG
µL(gx, τ)
‖τ‖ .
Proposition 1 Assume that x is not numericaly semistable. Then ML(x) is
finite and there exist g ∈ L<0algG and τ ∈ X∗(T )+ nontrivial such that
ML(x) =
µL(gx, τ)
‖τ‖ .
Proof. Let h0 ∈ X∗(T )+ such that the projection of x on G belongs to Gh0 .
Let h ∈ X∗(T ) such that S−h ∩ Gh0 6= ∅. We claim that
h ≤ −w0h0.
Let y ∈ S−h∩Gh0 . By formula (18), there exists w ∈W such that y ∈ B−Lwh0 .
Then, by (19) limt→∞(δ
∨ + ρ∨)(t)y = Lwh0 . Since S−h is Tˆ -stable, Lwh0 be-
longs to S−h. By (20), this implies that wh0 ≤ −h′. Since h0 is dominant
w0h0 ≤ wh0. The claim follows.
Denote by Θ the set of (−h,w−11 , w−12 , w−13 ) ∈ X∗(T )×W 3 such that
L<0algG.x ∩ (S−h × Uw−11 B/B × Uw−12 B/B × Uw−13 B/B) 6= ∅.
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By Lemma 4, we have
ML(x) = sup
τ ∈ X∗(T )+R s.t. ‖τ‖ = 1
(−h,w−11 , w−12 , w−13 ) ∈ Θ
˜l(h, τ) +
3∑
i=1
〈wiτ, λi〉.
For such a h, the claim asserts that h ≤ −w0h0. In particular, for any dom-
inant τ ∈ X∗(T )R, we have (h, τ) ≤ (−w0h0, τ). It follows thatML(x) is finite.
By the above argument, there exists sequences (−hn, (wn1 )−1, (wn2 )−1, (wn3 )−1) ∈
Θ and τn ∈ X∗(T )R such that
lim
n→∞
˜l(hn, τ) +
3∑
i=1
〈wni τn, λi〉 =ML(x) and ‖τn‖ = 1.
By extracting a subsequence, one may assume that each wni is constant (equal
to wi) and that τn tends to τ0 ∈ X∗(T )+R . Then, (−hn, w−11 , w−12 , w−13 ) ∈ Θ,
‖τ0‖ = 1 and
lim
n→∞
˜l(hn, τ0) +
3∑
i=1
〈wiτ0, λi〉 =ML(x).
Set M ′ = 1
˜l
(ML(x) − ∑3i=1〈wiτ0, λi〉 − 1). Since τ0 is dominant, for h ≤
−w0h0, the function h 7→ (h, τ0) takes only finitely many values greater than
M ′. Hence the sequence ˜l(hn, τ0)+
∑3
i=1〈wiτ0, λi〉 is stationary and there exists
(−h,w−11 , w−12 , w−13 ) ∈ Θ such that
ML(x) = ˜l(h, τ0) +
3∑
i=1
〈wiτ0, λi〉.
Let F be the face of X∗(T )+R containing τ0 in its relative interior. Then
ML(x) = sup
τ∈F s.t. ‖τ‖=1
˜l(h, τ0) +
3∑
i=1
〈wiτ0, λi〉.
Since the linear form τ 7→ ˜l(h, τ0)+
∑3
i=1〈wiτ0, λi〉 and the cone F are rational,
this supremum is reached on a rational half line. It follows that τ0 =
τ ′0
‖τ ′0‖
for
some rational τ ′0. 
4.5 Relation with parabolic bundles
A flagged bundle (E , ξ1, ξ2, ξ3) on P1 at the three marked points p1, p2 and p3
is the given of a principal G-bundle E on P1 and three parabolic reductions
ξi ∈ Epi/B at the three points pi. Let us recall how to associate to any point
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of X a flagged bundle on P1. Assume that {p1, p2, p3} ∩ {0,∞} is empty. Let
ι0 : C −→ P1, z 7−→ [z, 1] and ι∞ : C −→ P1, z 7−→ [1, z] denote the two open
embeddings. Their images cover P1, and for any z ∈ C∗, ι0(z) = ι∞(z−1). Let
g ∈ LalgG. Thinking about g as a transition function on ι0(C) ∩ ι∞(C), we get
a principal G-bundle E with two trivializations ι˜0 : C×G −→ E over P1−{∞}
and ι˜∞ : C×G −→ E over P1 − {0}. Moreover, for any z ∈ C∗ and h ∈ G, we
have
ι˜0(z, h) = ι˜∞(z
−1, g(z)h).
Consider also the two sections σ0 and σ∞ defined respectively on P
1−{∞} and
P1 − {0} by
σ0(ι0(z)) = ι˜0(z, e) and σ∞(ι∞(z)) = ι˜∞(z, e),
for any z ∈ C. The map g 7−→ (E , σ0, σ∞) is a bijection from LalgG to the set
of principal bundles on P1 endowed with two sections.
Let g1 ∈ L<0algG and g2 ∈ L>0algG. Let E ′, ι˜′0, ι˜′∞, σ′0 and σ′∞ be as above
when g is replaced by g1gg
−1
2 . Then, there exits an isomorphism Θ : E −→ E
of principal G-bundles such that
Θ(ι˜0(z, h)) = ι˜
′
0(z, g2(z)h) and Θ(ι˜∞(z, h)) = ι˜
′
∞(z, g1(z
−1)h),
for any z ∈ C and h ∈ G. Moreover
Θ ◦ σ0 ◦ ι0 = σ′0 ◦ ι0.g2 and Θ ◦ σ∞ ◦ ι∞ = σ′∞ ◦ ι∞g1.
In other words, g1gg
−1
2 corresponds to (E , σ0g−12 , σ∞g−11 ).
Now G = LalgG/L>0algG corresponds to the set of pairs (E , σ∞). Let
x = (gL>0algG/L
>0
algG, g1B/B, g2B/B, g3B/B) ∈ X.
Let (E , σ∞) corresponding to gL>0algG/L>0algG. Consider, for any i = 1, 2, 3, the
point σ∞(pi)giB/B in Epi/B; it is a parabolic reduction ξi at pi. One checks
that two points x and x′ in X induces the same flagged bundle (E , ξ1, ξ2, ξ3)
if and only if they belong to the same L<0algG-orbit.
The given of x ∈ X also determines a section σ∞ : P1 − {0} −→ E . This
section induces a section P1−{0} −→ E/B that extends to a parabolic reduction
σ¯ : P1 −→ E/B.
Parabolic degree. Recall that (λ1, λ2, λ3) ∈ (X∗(T ))3, ˜l ∈ Z≥0 and L =
L(˜lΛ)⊗ L(λ1)⊗ L(λ2)⊗ L(λ3) on X. Let us explain how µL(x, τ) can be ex-
pressed in terms of the flagged bundle (E , ξ1, ξ2, ξ3) endowed with the parabolic
reduction σ¯.
Fix i = 1, 2 or 3. Both σ¯(pi) and ξi belong to Epi/B. Fixing an identification
Epi ≃ G (which is equivariant for the right G-actions), the pair (σ¯(pi), ξi) gives
a point in G/B×G/B. The G-orbit of this point does not depend on the chosen
identification Epi ≃ G; in particular, it belongs to G.(B/B,w−1i B/B) for some
well defined wi ∈W .
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Consider (τ,) ∈ X∗(T ). The parabolic reduction σ¯ induces a principal B-
bundle EB. We denote by Cτ the one-dimensional representation of B associated
to the character (τ,) of B. We can define the line bundle EB×B Cτ on P1. Its
degree deg(EB ×B Cτ ) belongs to Z.
The parabolic degree relatively to L is defined by
pardeg(E , ξ1, ξ2, ξ3, σ¯, τ) = ˜ldeg(EB ×B Cτ ) +
3∑
i=1
〈w−1i λi, τ〉. (26)
Lemma 5 With above notation, we have
µL(x, τ) = pardeg(E , ξ1, ξ2, ξ3, σ¯, τ).
Proof. Let h ∈ X∗(T ) and vi ∈ W (for i = 1, 2, 3) such that x belongs
to S−h × Uv−11 B/B × Uv−12 B/B × Uv−13 B/B. With Lemma 4, it is sufficient
to prove that (h, τ) = deg(EB ×B Cτ ), and that viWP (τ) = wiWP (τ), for any
i = 1, 2, 3. These are direct verifications. 
Recall from e.g. [HS10], that (E , ξ1, ξ2, ξ3) is said to be semistable relatively
to L if and only if for any dominant τ ∈ X∗(T ) and any parabolic reduction
σ¯ : P1 −→ E/B we have
pardeg(E , ξ1, ξ2, ξ3, σ¯, τ) ≤ 0.
Corollary 1 Fixx ∈ X and the corresponding flagged principal bundle (E , ξ1, ξ2, ξ3).
Then x is numericaly semistable in the sense of Definition 4.3 if and only if
the flagged principal (E , ξ1, ξ2, ξ3) is semistable relatively to L.
4.6 Generic toric reduction
Let (E , ξ1, ξ2, ξ3) be a flagged principal bundle. Let Ω be a nonempty open
subset of P1 and η : Ω −→ E/T be a reduction defined on Ω. Let τ ∈ X∗(T ).
Since T ⊂ P (τ), we have a quotient map E/T −→ E/P (τ). Hence η induces a
reduction Ω −→ E/P (τ) that extends to σ¯ : P1 −→ E/P (τ). Consider the map
µη : X∗(T ) −→ Z
τ 7−→ pardeg(E , ξ1, ξ2, ξ3, σ¯, τ).
Note that in (26), we replace EB×BCτ by EP (τ)×P (τ)Cτ . Since P (τ) and σ¯ only
depends on the signs of the 〈τ, α〉 for α ∈ Φ, the map µη is piecewise linear. In
particular, it extends to a positively homogeneous, continuous, piecewise linear
function from X∗(T ) ⊗ R to R. This extension is still denoted by µη. The
following proposition will play an important role.
Proposition 2 Assume that λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗. Then the
map µη is convex.
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Proof. Recall that the cones of the Weyl fan are the subsets of τ ∈ X∗(T )⊗R
such that for each α ∈ Φ, the product 〈τ, α〉 is fixed to be negative, positive
or zero. The parabolic subgroup P (τ) only depends on the cone of the Weyl
fan containing τ in its relative interior. Now, the formula (26) and Lemma 5
show that the restriction of µη to any such cone is linear. Then it is sufficient
to check convexity when one goes from any chamber to an adjacent one. To
simplify notations, we assume that one of these two chambers is the dominant
one X∗(T )
+
R . The other one is sα.X∗(T )
+
R for some simple root α. The mini-
mal parabolic subgroup Pα associated to some simple root α is the closure of
BsαBsα. Let µ ∈ Hom(X∗(T ),Q) (resp. µ′ ∈ Hom(X∗(T ),Q)) whose the re-
striction to X∗(T )
+
R (resp. sα.X∗(T )
+
R ) is equal to µη(resp µ
′
η). Recall that α
∨
is orthogonal to the span of X∗(T )
+
R ∩(sαX∗(T )+R ) and oriented towardX∗(T )+R .
The convexity on the union of these two chambers is equivalent to the following
inequality
µ(α∨) ≥ µ′(α∨). (27)
Let Lα denote the Levi subgroup of Pα containing T and let Ru(Pα) denote
the unipotent radical of Pα. Consider the reduction σ¯α : P
1 −→ E/Pα induced
by η and EPα be the associated principal Pα-bundle. Since Lα identifies with
P/Ru(Pα), EPα/Ru(Pα) is a principal Lα-bundle on P1 denoted by ELα . We
are going to endow ELα with a flagged structure and express µ(α∨)− µ′(α∨) in
terms of this flagged bundle.
Set α¯ = 2(α,α)α. First, observe that EB ×B Cα¯ (resp. EB′ ×B′ Cα¯ ) identifies
with EB∩Lα ×B∩Lα Cα¯ (resp. EB′∩Lα ×B′∩Lα Cα¯). In particular,
deg(EB ×B Cα¯)− deg(EB′ ×B′ Cα¯) = deg(EB∩Lα ×B∩Lα Cα¯)− deg(EB′∩Lα ×B′∩Lα Cα¯.) (28)
Fix i = 1, 2 or 3. Choose an identification Epi ≃ G such that σ¯α(pi) cor-
responds with Pα. Let Bi be the Borel subgroup G associated to the flagged
structure at pi. Then (Bi ∩ Pα)/Ru(Pα) is a Borel subgroup of Lα. Let ξαi be
the associated flagged structure at pi for ELα . Now (ELα , ξα1 , ξα2 , ξα3 ) is a flagged
principal Lα-bundle.
Observe that E/B and E/B′ identify canonically. Then, σ¯B and σ¯B′ are two
sections of this G/B-bundle. We have the commutative diagram
E/B
P1 E/Pα
E/B
σ¯α
σ¯α
σ¯α
π
π
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where the vertical maps π are induced by the inclusion B ⊂ Pα. By construction
π(σ¯B(pi)) = π(σ¯B(pi)) = σ¯α(pi). Recall that wi ∈ W is characterized by the
relation (σ¯B(pi), ξpi) ∈ G.(B/B,w−1i B/B). Similarly we defined w′i. Then, w′i
is equal to either wi or wisα.
Consider the Lα-irreducible representation V̟α(L
α) of highest weight ̟α.
It has dimension two, a unique B ∩ Lα-fixed line d and a unique B′ ∩ Lα fixed
line d′. Consider the associated short exact sequence
0 d V̟α(L
α) V̟α(L
α)/d′ 0
Consider the associated morphisms of vector bundles on P1:
ELα∩B ×Lα∩B d ELα ×Lα V̟α(Lα) ELα∩B′ ×Lα∩B′ V̟α(Lα)/d′
Set λαi = wiλi, for i = 1, 2, 3 (HERE wi ∈WP
α
). Let vi = sα or e denote the
relative position of the flag on (ELα)pi and σ¯αB(pi). Similarly v′i. Inequality (27)
is equivalent to
deg(ELα∩B ×Lα∩B d) + 12
∑
i〈viλαi , α∨〉 ≥
deg(ELα∩B′ ×Lα∩B′ V̟α(Lα)/d) + 12
∑
i〈v′iλαi , α∨〉
.
But 〈viλi, α∨〉 − 〈v′iλi, α∨〉 is either equal to 0, ±2〈λαi , α∨〉. The two cases 0
and sign + are easy. Consider the last case. The point is that in this case the
morphism has to vanish at pi. In particular, if this case occurs d times (when i
runs over {1, 2, 3}) then deg(ELα∩B×Lα∩Bd)−deg(ELα∩B′×Lα∩B′V̟α(Lα)/d) ≥
d. But we have 0 ≤ 〈λαi , α∨〉 ≤ 1. Inequality (27) follows. 
The polytope Pη. Consider in X∗(T )R the fan Σ whose the maximal cones
are the Weyl chambers. By formula (26) and Lemma 5, the restriction of µη
to any Weyl chamber is linear. In particular, µη is piecewise linear. Like in
Section 4.2, consider the associated polytope
Pη = {χ ∈ X∗(T )R : ∀τ ∈ X∗(T ) 〈τ, χ〉 ≥ µη(τ)}.
Let B′ be a Borel subgroup of G containing T and let C′ denote the correspond-
ing Weyl chamber in X∗(T )R. Let χB′ be the only point in X
∗(T )Q such that
〈χB′ , τ〉 = µη(τ) for any τ in C′. Then Pη is the convex hull of the χB′ for
various Borel subgroups B′ ⊃ T .
Similarly the rays of Σ correspond bijectively with the maximal parabolic
subgroups P containing T . For any such parabolic subgroup, let τP denote the
unique indivisible one parameter subgroup of T such that P = P (τP ). Then
Pη = {χ ∈ X∗(T )R : ∀ maximal P ⊃ T 〈χ, τP 〉 ≥ µη(τP )}.
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4.7 Canonical reduction
Let x ∈ X be numerically unstable. Let g ∈ L<0algG and let τ0 be an indivisible
dominant one-parameter subgroup of T such that ML(x) = µ
L(gx,τ)
‖τ0‖
. To the
point gx corresponds a flagged bundle E with a section σ∞ over P1−{0}. This
section extends to a parabolic reduction σ
P (τ0)
gx : P1 −→ E/P (τ0).
Proposition 3 Assume that λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗. Letx ∈ X
and (E , ξ1, ξ2, ξ3) be the associated flagged bundle. Assume that x is unstable
relatively to L.
Let g1 and g2 in L
<0
algG and let τ1 and τ2 be two dominant indivisible one
parameter subgroups of T such that
ML(x) =
µL(g1x, τ1)
‖τ1‖ =
µL(g2x, τ2)
‖τ2‖ .
Then
(i) τ1 = τ2 ; set P = P (τ1) = P (τ2).
(ii) g2g
−1
1 ∈ L<0algP .
(iii) The two reductions σ¯1 and σ¯2 from P
1 to E/P associated to g1x and g2x
respectively coincide. This reduction is called the canonical reduction of
(E , ξ1, ξ2, ξ3).
Proof. Let σB1 and σ
B
2 denote the parabolic reductions associated to g1x and
g2x respectively. For x ∈ P1, σB(x) and σ′B(x) belong to Ex/B. Choosing an
identification Ex/B ≃ G/B, we get two point in G/B. The element w ∈ W such
that G.(B/B,wB/B) does not depend on the identification and is denote by
rel(σB(x), σ
′
B(x)). By the finiteness of the Bruhat decomposition, there exists
w ∈ W and a nonempty open subset Ω of P1 such that rel(σB(x), σ′B(x)) = w
for any x ∈ Ω. Set Bw = wBw−1. Observe the E/B and E/Bw are canonically
isomorphic. Let p, pw : E −→ E/B be the two projections induced respectively
by the inclusions T ⊂ B and T ⊂ Bw. Up to changing Ω, one may assume
that E is trivial on Ω. Then, there exists a reduction η : Ω −→ E/T such that
σB1 = p ◦ η and σB2 = pw ◦ η.
By Lemma 5, we have
µL(g1x, τ1) = µη(τ1) and µ
L(g2x, τ2) = µη(wτ2w
−1).
In particular, supτ∈X∗(T ) nontrivial
µη(τ)
‖τ‖ =M
L(x). By Proposition 2, the func-
tion is convex. In particular, it has a unique maximum on the unit sphere.
Hence τ1 = wτ2w
−1. Since τ1 and τ2 are assumed to be dominant, τ1 = τ2.
As in the proposition set P = P (τ1). We have also proved that τ2 = wτ2w
−1.
Hence w belongs toWP . Then p and pw induce the same map q : E/T −→ E/P .
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Therefore, σB1 and σ
B
2 induce the same reduction σ : P
1 −→ E/P . The last
assertion of the proposition follows.
Let σ∞ be the section of E on P1 − {0} associated to x. Then g1x and
g2x correspond respectively to σ∞g
−1
1 and σ∞g
−1
2 . But, we just proved these
two local trivialisations induce the same section of E/P . Hence g−11 (z)P/P =
g−12 (z)P/P for any z. The second assertion is proved. 
Definition. Let x ∈ X be unstable relatively to L. Let (E , ξ1, ξ2, ξ3) be the
associated flagged principal bundle. Let τ0 denote the dominant one parameter
subgroup of T satisfying Proposition 3. Set P = P (τ0). Let σ : P
1 −→ E/P
be the canonical reduction of (E , ξ1, ξ2, ξ3) and EP the associated principal P -
bundle. For i = 1, 2 and 3, let wi ∈ WP denote the relative position of (ξi, σ(pi)).
Finally, we define a Z-linear map
h : X∗(P ) −→ Z
χ 7−→ deg(EP ×P Cχ).
The Harder-Narashiman type (HN-type for short) of x (or of (E , ξ1, ξ2, ξ3)) is
the uple (τ0, P, h, w1, w2, w3).
A characterization of the canonical reduction. Let P ⊃ T be a
parabolic subgroup, let Ru(P ) denote its unipotent radical and let L denote
its Levi subgroup containing T .
Let (E , ξ1, ξ2, ξ3) be a flagged bundle. Let σ : P1 −→ E/P be a parabolic
reduction. Let EP ⊂ E denote the principal P -subdundle associated to σ. Then
the quotient EP /Ru(P ) is a principal L-bundle. Consider a marked point pi
and choose an identification of the fiber Epi with G (as torsor). Then σ(pi)
determines a parabolic subgroup P ′ of G conjugated to P . Similarly ξi deter-
mines a Borel subgroup B′ of G. Then (P ′ ∩ B′)/Ru(P ′) is a Borel subgroup
of P ′/Ru(P ′). This Borel subgroup (which is independent on the choice) can
be chosen as a flag ξLi over pi in EP /Ru(P ). Then (EP /Ru(P ), ξL1 , ξL2 , ξL3 ) is a
flagged L-bundle over (P1, p1, p2, p3).
Assume now that (E , ξ1, ξ2, ξ3) and the parabolic reduction σ come from
x ∈ X. Let τ ∈ X∗(T ) such that P = P (τ). Set x0 = lims→0 τ(s)x.
It belongs to the fixed point set Xτ . Each irreducible component of (G/B)τ
contains a unique B∩L fixed point and so identifies canonically with L/(B∩L).
On the other hand, LalgL acts transitively on Gτ that identifies with the affine
grassmannian G(L) of the group L. Using these identifications, the point x0
gives a pointx′0 of G(L)×(L/B∩L)3. Hencex0 determines a flagged principal
L-bundle. This bundle is (EP /Ru(P ), ξL1 , ξL2 , ξL3 ).
Here, and like before, τ is a one parameter subgroup of T , L is the cen-
tralizer of the image of τ and P is the associated parabolic subgroup. Since
Z(L) is contained in T , X∗(Z(L)) is contained in X∗(T ). It is ⊕α∈∆−∆PZ̟α∨ .
In particular τ =
∑
α∈∆−∆P
nα̟α∨ , for some integers nα. The restriction
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map X∗(L) −→ X∗(T ) is injective, and X∗(L) identifies with ⊕α∈∆−∆PZ̟α.
Consider (τ,) ∈ X∗(T ) ⊗ Q. We have: (τ,) = ∑α∈∆−∆P nα(̟α∨ ,) =∑
α∈∆−∆P
nα
2
(α,α)̟α. In particular, (τ,) belongs to X
∗(L).
Proposition 4 Assume that λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗. Letx ∈ X
be unstable and τ be a dominant one parameter subgroup of T . Set P = P (τ),
L = Gτ and σ : P1 −→ E/P be the parabolic reduction associated to x and P .
Consider the flagged principal L bundle (EP /Ru(P ), ξL1 , ξL2 , ξL3 ).
The following are equivalent
(i) ML(x) = µ
L(x,τ)
‖τ‖ ;
(ii) EP /Ru(P ) is semistable for L relatively to the line bundle L⊗−µL(x, τ) (τ,)‖τ‖ .
Proof. Set L′ = L ⊗ −µL(x, τ) (τ,)‖τ‖ and χ = µL(x, τ) (τ,)‖τ‖ . Assume that
ML(x) = µ
L(x,τ)
‖τ‖ . Let ζ ∈ X∗(T ) and l ∈ L>0algL. We have to prove that
µL(lx, ζ) ≤ 〈χ, τ〉. (29)
Consider the parabolic reduction σζ : P
1 −→ E/Q induced by lx and ζ. By
construction, there exists an embedding Q ⊂ P such that if p : E/Q −→ E/P
denotes the corresponding projection, we have p ◦ σζ = σ.
Consider now a generic reduction η to E/T and q : E/T −→ E/Q such
that σζ = q ◦ η. Consider the convex function µη and the polytope Pη. Since
µη(τ)
‖τ‖ =M
L(η), the point χ belongs to Pη. Recall that Fτ denote the face of Pτ
corresponding to the inequality 〈τ,〉 ≥ µL(x, τ). This face is the polytope of
EP /Ru(P ) for η relatively to L. Hence the polytope of EP /Ru(P ) for η relatively
to L′ is F − χ. It contains 0. Inequality (29) follows.
Conversely, assume that EP /Ru(P ) is semistable for L relatively to the line
bundle L′. Consider a generic reduction η to E/T and pP : E/T −→ E/P such
that σ = pP ◦ η. By the usual argument it is sufficient to prove that
ML(η) =
µη(τ)
‖τ‖ . (30)
The polytope PL of E/Ru(P ) for η relatively to L′ is the convex hull of the
points χB − χ for various B such that T ⊂ B ⊂ P . This polytope is contained
in Pη − χ which is the convex hull of the points χB for various B ⊃ T . By
assumption, 0 belongs to PL. Hence χ belongs to Pη. Equality (30) follows. 
The following proposition is analogous to [Nes84, Theorem 9.3] or [RR84,
Proposition 1.9].
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Proposition 5 Assume that λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗. Letx ∈ X
be unstable. Let g in L<0algG and let τ be the dominant indivisible one parameter
subgroup of T such that
ML(x) =
µL(gx, τ)
‖τ‖ .
Set x0 = lims→0 τ(s)gx. Then
(i) ML(x0) =M
L(x);
(ii) ML(x0) =
µL(x0,τ)
‖τ‖ .
Proof. Since µL(x, τ) = µL(x0, τ), the second assertion implies the first one.
By Proposition 4, applied to x = x0, the second assertion is equivalent to
the fact that E/Ru(P ) is semistable relatively to L ⊗ −µL(x, τ) (τ,)‖τ‖ . But, by
Proposition 4, applied to x, this is true. 
4.8 The set of numericaly semistable points
For later use let us state the following well known result.
Lemma 6 Assume that λ1
˜l
, λ2
˜l
and λ3
˜l
belong to the alcove A∗. Then Xnss(L(˜lΛ)⊗ L(λ1)⊗ L(λ2)⊗ L(λ3))
is open in X.
4.9 The open stratum
In this section, we assume that no point in X is numericaly semistable relatively
to L; that is that ML(x) > 0 for any x ∈ X. Set
d0 = inf
x∈X
ML(x),
and
X◦(L) = {x ∈ X : ML(x) = d0}.
This subset of X is called the open stratum. This term is justified by the following
proposition.
Proposition 6 (i) The set X◦(L) is open and nonempty.
(ii) For any x and y in X◦(L), ML(x) =ML(y).
(iii) All points in X◦(L) have the same indivisible dominant adapted one pa-
rameter subgroup of T . Let τ◦ denote this 1-PS.
(iv) Set P = P (τ◦). There exists an (LalgP )0 × P 3-orbit in X such that for
any x ∈ X◦(L) and any g ∈ L<0algG such that µL(gx, τ◦) = ‖τ◦‖.d0, we
have gx ∈ C+.
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Proof. By the valuative criterion of openness, to prove the openness of X◦(L)
it is sufficient to prove the following lemma.
Lemma 7 Let R be a discrete valuation ring and set S = Spec(R). Let η
denote the generic point of S and let 0 denote the special one. Let E be a flagged
bundle on P1 × S.
Then ML(E0) ≥ML(Eη).
The Behrend’s proof of [Beh91, Proposition 7.1.3] applies here. His proof
also shows the end of the proposition.
Another useful reference is [Hei08, Proposition 2]. 
5 Gromov-Witten invariants and affine grassman-
nian
5.1 The homogeneous space L<0algG/L
<0
algP
Let P be a standard parabolic subgroup of G. Let d ∈ Hom(X∗(P ),Z). We
denote byMor(P1, G/P, d) the set of regular maps from P1 toG/P of degree d. It
is empty or a quasiprojective variety. The disjoint union of the Mor(P1, G/P, d)
when d runs over Hom(X∗(P ),Z) is denoted by Mor(P1, G/P ).
Let g ∈ L<0algG. Then g ◦ ι−1∞ (with notation of Section 4.5) is a regular
map from P1 − {0} to G. By composition with the projection G −→ G/P , one
obtains a regular map from P1 − {0} to G/P . Since G/P is proper, this maps
extend to P1. Let Θ(g) ∈ Mor(P1, G/P ) denotes this map. Observe that, for
any g, g′ ∈ L<0algG, Θ(g) = Θ(g′) is and only if g′−1g ∈ L<0algP . Hence we just
construct an injective map
Θ : L<0algG/L
<0
algP −→ Mor(P1, G/P )
gL<0algP 7−→ Θ(g).
Fix γ ∈Mor(P1, G/P ). Since any P -principal bundle on P1 − {0} is trivial, the
restriction of γ raises to G. Hence γ belongs to the image of Θ that is surjective.
Recall that
LalgG =
⊔
h∈⊕α∈∆−∆P Zα
∨
L>0algGz
h(LalgP )0.
Lemma 8 Let g ∈ L<0algG and h ∈ ⊕α∈∆−∆PZα∨ ≃ Hom(X∗(P ),Z). Then
Θ(gL<0algP ) has degree h if and only if g belongs to L
>0
algGz
h(LalgP )0.
Proof. By the decomposition just before the lemma, it is sufficient to prove
that if g belongs to L>0algGz
h(LalgP )0 then Θ(gL
<0
algP ) has degree h.
By Theorem 6, there exist w′ ∈ W and h′ ∈ X∗(T ∩Lss) such that g belongs
to B−w′zh′LalgU . Similarly, there exist w′′ ∈ W and h′′ ∈ X∗(T ∩ Lss) such
that g belongs to Bw′′zh+h′′LalgU . By Lemma 1, the curve Θ(g) : P1 −→ G/B
associated to g has degree h+ h′ − h′′. Hence Θ(gL<0algP ) has degree h. 
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5.2 Gromov-Witten invariants as “degree”
Fix w1, w2, w3 in W
P . With the notation of the introduction, fix also d =∑
β∈∆−∆P
dβσ
∗
sβ for some dβ ∈ Z≥0. Set h =
∑
β∈∆−∆P
dββ
∨ ∈ X∗(T ). Con-
sider
C = LalgL
ssL−h × Lw−11 B/B × Lw−12 B/B × Lw−13 B/B
and
C+ = (LalgP )0L−h × Pw−11 B/B × Pw−12 B/B × Pw−13 B/B.
Observe that L<0algP is contained in (LalgP )0. In particular C
+ is stable by
the action of L<0algP . Consider on L
<0
algG × C+ the action of L<0algP given by
the formula p.(g,x) = (gp−1, px). This action is free and the quotient set is
denote by L<0algG×L<0algP C
+. The class of (g,x) in L<0algG×L<0algP C
+ is denoted
by [g :x]. Consider the map
η : L<0algG×L<0algP C
+ −→ X
[g :x] 7−→ gx.
Observe that L<0algG/L
<0
algP and L
<0
algG×L<0algP C
+ have no natural structure
of ind-varieties and are considered in this paper as sets.
Proposition 7 Recall the definition of nβ from (7)).
(i) If l(w1) + l(w2) + l(w3) = dim(G/P ) +
∑
β∈∆−∆P
dβnβ then for x ∈ X
sufficiently general, the fiber η−1(x) has cardinality GW (σw1 , σw2 , σw3 ; d).
(ii) If l(w1) + l(w2) + l(w3) = dim(G/P ) +
∑
β∈∆−∆P
dβnβ then for x ∈ X
sufficiently general, the fiber η−1(x) is either empty or infinite.
Proof. Letx = (g.L0, g1B/B, g2B/B, g3B/B) ∈ X with g ∈ LalgG, gi ∈ G for
i = 1, 2 and 3. Since η is L<0G-equivariant, L<0G.L0 is dense in G and viewed
the assumption of genericity in the proposition, we may assume that g is trivial.
If γ denote an element of L<0algG/L
<0
algP (sometimes viewed as a curve on
G/P using Θ), we denote by γ˜ a representative in L<0alg. Then η
−1(x) identifies
with
{γ ∈ L<0algG/L<0algP |
{
γ˜(pi)
−1giB/B ∈ Pw−1i B/B ∀i = 1, 2, 3
γ˜−1 ∈ (LalgP )0L−hL>0algG
},
that is with
{γ˜ ∈ L<0algG |
{
γ˜(pi) ∈ giBwiP, ∀i = 1, 2, 3
γ˜ ∈ L>0algGh(LalgP )0
}/L<0algP.
By Lemma 8, this set identifies usingΘ with the set of curves γ ∈Mor(P1, G/P, d)
such that γ(pi) ∈ giBwiP/P , for any i = 1, 2, 3. Now, the proposition follows
from Kleiman’s theorem. 
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5.3 Other fibers of η
Let o denote the base point of LalgG/(LalgP )0. Since L
<0P is contained in
(LalgP )0, L
<0
algG.o identifies with LalgG/L
<0
algP .
Proposition 8 Let l1, l2 and l3 in L. Setx = (L−h, l1w
−1
1 B/B, l2w
−1
2 B/B, l3w
−1
3 B/B)
in C. Then the fiber η−1(x) identifies with the set of g.o ∈ L<0algG/L<0algP such
that
(i) g ∈ z−hL>0algGzh ∩ L<0algG ;
(ii) Θ(go)(pi) ∈ liw−1i BwiP/P for any i = 1, 2, 3.
Proof. Like in the proof of Proposition 7, we obtain that η−1(x) identifies
with
{γ˜ ∈ L<0algG :
{
γ˜(pi) ∈ liw−1i BwiP, ∀i = 1, 2, 3
γ˜ ∈ z−hL>0algGzhLalgP0
}/L<0algP.
In particular, γ˜o belongs to L<0algG.o and to z
−hL>0algGz
h.o. Since L<0algG, z
−hL>0algGz
h,
and the stabilizer of o contain T the intersection L<0algG.o∩z−hL>0algGzh.o is equal
to (L<0algG ∩ z−hL>0algGzh).o. The proposition follows. 
6 Description of the GIT-cone
6.1 Satisfied inequalities
Lemma 9 Let (λ1, λ2, λ3) ∈ (X∗(T )+Q )3 and ˜l ∈ Z>0 such that λ1˜l ,
λ2
˜l
and λ3
˜l
belong to the alcove A∗. Let τ be a dominant one parameter subgroup of T and
set P = P (τ). Let w1, w2, w3 in W
P and let d =
∑
β∈∆−∆P
dβσ
∗
sβ
for some
dβ ∈ Z≥0. Set h =
∑
β∈∆−∆P
dββ
∨ ∈ X∗(T ). Assume that
GW (w1, w2, w3; d) 6= 0.
If (λ1, λ2, λ3, ˜l) ∈ Cnss(X) then
〈w1τ, λ1〉+ 〈w2τ, λ2〉+ 〈w3τ, λ3〉 ≤ ˜l〈τ, h〉. (31)
Proof. Consider
C+ = (LalgP )0L−h × Pw−11 B/B × Pw−12 B/B × Pw−13 B/B,
and the map
η : L<0algG×L<0algP C
+ −→ X
[g :x] 7−→ gx.
By Proposition 7 and Lemma 6, there exists a numericaly semistable point
in the image of η. Then there exists a numericaly semistable point x in C+.
We deduce that µL(x, τ) ≤ 0. By Lemma 4, this inequality is equivalent to the
inequality to prove. 
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6.2 A first description of Cnss(X)
We first reprove Teleman-Woodward’s Theorem 2 in our context.
Lemma 10 Let (λ1, λ2, λ3) ∈ (X∗(T )+Q)3 and ˜l ∈ Z>0 such that λ1˜l ,
λ2
˜l
and λ3
˜l
belong to the alcove A∗. Then (λ1, λ2, λ3, ˜l) ∈ Cnss(X) if and only if
〈w1̟β∨, λ1〉+ 〈w2̟β∨ , λ2〉+ 〈w3̟β∨ , λ3〉 ≤ 2
(β, β)
˜ld, (32)
for any simple root β, any nonnegative integer d and any (w1, w2, w3) ∈ (WPβ )3
such that
GW (w1, w2, w3; dσ
∗
sβ
) = 1. (33)
Proof. If (λ1, λ2, λ3, ˜l) ∈ Cnss(X) then the inequalities are satisfied by Lemma 9.
Conversely assume that (λ1, λ2, λ3, ˜l) 6∈ Cnss(X) that is that Xnss(L) is empty.
Consider the open stratum X◦(L) and d0 the common value of ML(x) for x
in X◦(L). Let τ0, P = P (τ0) and C+ be like in Proposition 6. Write
C = (LalgL
ss.L−h, L.w
−1
1 B/B,L.w
−1
2 B/B,L.w
−1
3 B/B),
with usual notation. Write h =
∑
β∈∆−∆P
dββ
∨ and set d =
∑
β∈∆−∆P
dβσ
∗
sβ .
Consider the map
η : L<0algG×L<0algP C
+ −→ X
[g :x] 7−→ gx.
By Proposition 6, for anyx ∈ X◦(L), the fiber η−1(x) is not empty. By Propo-
sition 3, this fiber is reduced to one point. Since X◦(L) is open, Proposition 7
implies that
GW (w1, w2, w3; d) = 1.
Lemma 9 shows that inequality (31) is satisfied for any τ such that P = P (τ)
and any point in Cnss(X). By construction the X◦(L)∩C+ is not empty. Fix x
in it. Then µL(x, τ0) = d0 > 0. Hence Lemma 4 implies that inequality (31)
for τ = τ0 is not satisfied by L.
With Lemma 9, we just proved that a point belongs to Cnss(X) if and only if it
satisfies the inequalities (31) for any τ , h and wi’s such thatGW (w1, w2, w3; d) =
1. It remains to prove that the inequalities coming from nonmaximal parabolic
subgroups are redundant. Consider such an inequality (31) associated to some
non-maximal standard parabolic subgroup P , some τ ∈ X∗(T ), and w1, w2, w3
and h. Dualy, we have to prove that this inequality (31) does not generate an
extremal ray of the dual cone of Cnss(X). By Lemma 9, inequality (31) holds
for any τ ′ ∈ X∗(T ) such that P = P (τ ′). But, the set τ ′ such that P = P (τ ′)
generate an open cone of dimension two in X∗(T )Q and inequality (31) depends
linearly on τ ′. Hence inequality (31) cannot be extremal. 
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6.3 End of the proof of Theorem 7
Proof. It remains to prove that if (λ1, λ2, λ3, ˜l) 6∈ Cnss(X), then there exists an
inequality (23) that satisfies condition (25) and that is not fullfilled by this point.
Consider the open strata X◦(L). Let τ0, P = P (τ0) and C+ be like in Proposi-
tion 6. Let (L−h, w
−1
1 B/B,w
−1
2 B/B,w
−1
3 B/B) ∈ C+ with usual notation. Let
hPW ∈ X∗(T ) be the Peterson-Woodward lifting of h. Letx ∈ C+∩X◦(L) and
set ̥ = limt→0 τ(t)x. By Proposition 4, ̥ is numericaly semistable for the
group L<0algL relatively to the line bundle L ⊗ −µL(x, τ0) (τ0,)‖τ0‖ . In particular,
Cnss(L ⊗ −µL(x, τ0) (τ0,)‖τ0‖ , L<0algL) is not empty and open by Lemma 6. Now,
Proposition 4 implies that for generaly in C, we have ‖τ0‖ML(y) = µL(x, τ0).
Then, Proposition 3 shows that η−1(y) is one point for general y in C.
The Peterson-Woodward lifting hPW has the property that the L
<0
algL-orbit
of L−hPW is dense in LalgL
ss.L−h. Since η is equivariant, we deduce that for gen-
eral l1, l2 and l3 in L the fiber η
−1(L−hPW , l1w
−1
1 B/B, l2w
−1
2 B/B, l3w
−1
3 B/B)
is one point.
Let P− denote the parabolic subgroup containing T and opposite to P .
Consider the Lie algebra Lie(Ru(P−)) of the unipotent radical of P−. It is a
L-module. Consider its decomposition in weight spaces under the action of Z:
Lie(Ru(P−)) =
⊕
χ∈X∗(Z)
Lie(Ru(P−))χ. (34)
It is known that each Lie(Ru(P−))χ is an irreducible L-module.
Consider the open P−-orbit Ω in G/P . It is stable by the action of L and
isomorphic as a L-variety to Lie(Ru(P−)). Let us fix such an isomorphism
ζ : Lie(Ru(P−)) −→ Ω. For each i = 1, 2, 3, set Vi = ζ−1(Ω ∩ w−1i BwiP/P ).
It is well known that Vi is a linear subspace of Lie(R
u(P−)) stable by Z. Then
Vi =
⊕
χ∈X∗(Z)
Vi,χ, where Vi,χ = Vi ∩ Lie(Ru(P−))χ). (35)
Set Kh = z
−hPWL>0algGz
hPW ∩ L<0algG. It is a finite dimensional connected
algebraic group containing T . Consider
Mh = Kh/(L<0algP ∩Kh).
Moreover,M contains M◦h = Kh ∩ LalgRu(P−) as an open subset. But Mh is
contained in L<0algG/L
<0
algP and any m ∈Mh can be seen as a regular map Θ(m)
from P1 to G/P . If m belongs to M◦h, then Θ(m)(P1 − {0}) is contained in Ω.
Hence M◦h can be seen as a set of polynomial functions from P1 − {0} to Ω.
Composing with ζ and identifying P1−{0} with C (with the coordiante z−1), we
get an embedding of M◦h in Mor(C, Lie(Ru(P−))). For each root α ∈ Φ(G/P ),
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let us fix a nonzero element ξ−α ∈ Lie(Ru(P−))−α of weight −α. The roots of
z−hPWL>0algGz
hPW are the images of the roots of L>0algG by −hPW viewed as an
element of the affine Weyl group (see Section 2.2). The root α+ nδ is a root of
Kh if and only if −〈hPW , α〉 ≤ n ≤ 0. Hence
M◦h := {
∑
α∈Φ(G/P )
Pαξ−α : Pα ∈ C[z−1] and deg(Pα) ≤ 〈hPW , α〉}
has a natural structure of a complex vector space. Note that, by convention,
deg(0) = −∞.
Consider now
M◦h,χ = {
∑
α∈Φ(G/P,χ)
Pαξ−α : Pα ∈ C[z−1] and deg(Pα) ≤ 〈hPW , α〉}. (36)
Then M◦ is a product:
M◦h =
⊕
χ∈X∗(Z)
M0h,χ. (37)
For any linear subspace W in Lie(Ru(P−)) and any p ∈ P1 − {0}, set
M◦h(p,W ) := {m ∈M◦h : m(p) ∈ W}.
Since m 7−→ m(p) is linear, M◦h(p,W ) is a linear subspace and
dim(M◦h)− dim(M◦h(p,W )) ≤ dim(Lie(Ru(P−))) − dim(W ). (38)
Similarly, for any χ ∈ X∗(Z), for any linear subspace W in Lie(Ru(P−))χ and
any p ∈ P1 − {0}, set
M◦h,χ(p,W ) := {m ∈M◦h,χ : m(p) ∈ W}.
Then
dim(M◦h,χ)− dim(M◦h,χ(p,W )) ≤ dim(Lie(Ru(P−))χ)− dim(W ). (39)
Consider
X = {(l1, l2, l3,m) ∈ L3 ×M◦h : ∀i = 1, 2, 3 m(pi) ∈ liVi}, (40)
and the two projections
X
L3 M◦h.
p
q
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Fix any l1, l2 and l3 in L. Then m ∈ q(p−1(l1, l2, l3)) if and only if, for any
i = 1, 2, 3, m(pi) belongs to liVi. In other word
q(p−1(l1, l2, l3)) =
3⋂
i=1
M◦h(pi, liVi).
The decomposition (34) is respected by the action of L, the subsapces Vi
(see (35)) and the vector space M◦h (see 37). Hence
q(p−1(l1, l2, l3)) ≃
⊕
χ∈X∗(Z)
3⋂
i=1
M◦h,χ(pi, liVi,χ).
Proposition 8 implies that for general l1, l2 and l3 in L, p
−1(l1, l2, l3) is one
point. Then, for any χ ∈ X∗(Z),
3∑
i=1
dim(M◦h,χ)− dim(M◦h,χ(pi, liVi,χ)) ≥ dim(M◦h,χ).
Combining with (39), we obtain
3 dim(Lie(Ru(P−))χ)−
3∑
i=1
dim(Vi,χ) ≥ dim(M◦h,χ). (41)
From (36), we deduce
dim(M◦h,χ) ≥
∑
α∈Φ(G/P,χ)
(
〈hPW , α〉+ 1
)
, (42)
and
3 dim(Lie(Ru(P−))χ)−
3∑
i=1
dim(Vi,χ) ≥
∑
α∈Φ(G/P,χ)
(
〈hPW , α〉+ 1
)
. (43)
By summing inequalities (43), when χ runs in X∗(Z), we find
3 dim(G/P )−
3∑
i=1
dim(Vi) ≥ dim(G/P ) +
∑
α∈Φ(G/P )
〈hPW , α〉.
Since GW (w1, w2, w3; d) = 1, this inequality is actually an equality. Hence
each inequalities (43) is an equality. These equalities are readily equivalent to
condition (25). 
Remark. The above proof shows that inequality (42) is an equality, in the
setting of the theorem. With (36) this implies that
∀α ∈ Φ(G/P, χ) 〈hPW , α〉 ≥ −1. (44)
It is a natural question to ask if inequality (44) is satisfied for any maximal P
(associated to the simple root β) and any h ∈ Z≥0β∨.
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